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Abstract
In this work, using the fact that in 3-3-1 models the same leptonic bilinear
contributes to the masses of both charged leptons and neutrinos, we develop
an effective operator mechanism to generate mass for all leptons. The effective
operators have dimension five for the case of charged leptons and dimension
seven for neutrinos. By adding extra scalar multiplets and imposing the
discrete symmetry Z9 ⊗ Z2 we are able to generate realistic textures for the
leptonic mixing matrix. This mechanism requires new physics at the TeV
scale.
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I. INTRODUCTION
The smallness of the neutrino masses and the pattern of their mixing, arising from atmo-
spheric and solar neutrino data [1–3], suggest the extension of the standard model. According
to those experimental data, the mixing involved in the atmospheric neutrino oscillation is
maximal and the mixing involved in the solar neutrino oscillation is large [4,5]. From the
theoretical point of view, we dispose already of well established ways where explanations
to the smallness of those masses arise naturally. The most popular are the see-saw [6] and
the radiative generation [7] mechanisms. Both of them require realistic extensions of the
standard model and extra global and/or discrete symmetries. We also can consider effective
operators which naturally lead to light neutrinos. This approach has had success in account-
ing for the neutrino puzzle in the base of the standard model without resort to drastic fine
tuning.
It was Weinberg [8], and independently Zee and Wilczek [9], who first pointed out in the
context of the standard model that the dimension-five effective operator:
1
Λ
Lcia Ljbϕ
(m)
k ϕ
(n)
l (fabmnǫikǫjl + f
′
abmnǫijǫkl), (1)
with L = (νl, l)
T
L, yields naturally light neutrino masses. The success of such effective
operator approach is justified by the expression of the neutrino mass it generates:
Mνab =
fab
Λ
〈ϕ〉2, (2)
which is a see-saw relation since 〈ϕ〉 ≈ 246 GeV and Λ is a large characteristic mass. Partic-
ularly, in this case the realization of such operator turns to be important once it can guide
us to all the possible realizations of that mechanism using only the representation content of
the standard model with operators of dimension five [10]. Higher dimension operators have
already been considered [11], and extensions of the scalar sector of the standard model have
also been suggested [12].
In this work we address the problem of generating neutrino and charged lepton masses
through effective operators in the context of 3-3-1 models [13,14]. In general, in these models,
the minimal set of scalar multiplets required to generate the fermion masses consists in
three scalar triplets: η = (η0, η−1 , η
+
2 )
T ∼ (1, 3, 0), ρ = (ρ+, ρ0, ρ++)T ∼ (1, 3, 1), χ =
(χ−, χ−−, χ0)T ∼ (1, 3,−1) and a symmetric sextet, S ∼ (1, 6, 0). An important feature
of this model is that the same leptonic bilinear ΨcLΨL, where ΨL = (ν, l, l
c)T , can give
a contribution to the masses of both sectors: charged leptons and neutrinos. We explore
this feature in order to obtain realistic textures for the mixing matrix in the lepton sector.
We work firstly in a scenario where there are only triplets, like η, ρ and χ, and neutral
scalar singlets. In this context, depending on the extra symmetry added to the model we
obtain realistic texture for the lepton masses. Next we show that a possible realization of this
mechanism is one in which heavy scalar sextets and singlet charged leptons [15,16] are added
to the model. The scalar sextet which does not gain a vacuum expectation value induces a
dimension-five operator that give mass for the charged leptons; while the dimension-seven
operator, which give mass to the neutrinos, arises from the interactions of neutrinos with
the singlet charged leptons and a mixture among the singly charged scalar bosons.
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The outline of this work is as follows. In Sec. II we develop a formalism to address the
issue of generating the charged lepton and neutrino masses by effective operators in the
context of a 3-3-1 model. Next, in Sec. III we use the formalism previously developed to
generate realistic scenarios to accommodate lepton masses with appropriate mixing in the
lepton sector. In Sec. IV we suggest what are the main ingredients a more fundamental
theory has to have in order to realize such effective operators. We reserve the Sec. V for our
conclusions.
II. THE MECHANISM
In this section we build effective operators of dimension five for the generation of the
charged lepton masses and dimension seven for the case of neutrino masses. In particular
we show that with a dimension-seven operator we attain the desired order of the neutrino
masses required by the recent experiments, i.e., at the eV scale. It is interesting to note that
the energy scale required to obtain those neutrino masses is of the order of 5 TeV.
In the 3-3-1 models of Refs. [13–15] all leptons transform as triplets under the electroweak
gauge symmetry:
ΨaL =

 νala
lca


L
∼ (1, 3, 0); a = e, µ, τ. (3)
Below we generate the charged lepton masses by using the two scalar triplets ρ and χ,
mentioned in the previous section, and the neutrino masses using the triplet η and a neutral
scalar singlet φ.
In order to generate realistic texture of the relevant matrices in the lepton sector we will
impose appropriate discrete or global symmetries (see the next section).
A. Charged lepton masses
In the version without the scalar sextet we still dispose of the scalar triplets ρ and χ in
order to generate the charged lepton masses by dimension-five effective operators. According
to the transformation properties under the symmetry SU(3)C ⊗SU(3)L⊗U(1)N of the last
two scalar triplets we can form with ΨcaLΨbL the following, effective dimension-five operator:
L =
fab
Λ
ΨcaLΨbLχ
∗ρ∗ +H.c.
=
fab
Λ
{
νcaL
[
νbLχ
+ρ− + lbLχ+ρ0∗ + (lc)bLχ+ρ−−
]
+ (laL)c
[
νbLχ
++ρ− + lbLχ++ρ0∗
+ lbLχ
++ρ−−
]
+ laR
[
νbLχ
0∗ρ− + lbLχ
0∗ρ0∗ + (lc)bLχ
0∗ρ−−
]}
+H.c. (4)
After the neutral components χ0 and ρ0 develop their respective VEVs, 〈χ〉 and 〈ρ〉,
the effective operator above generates the following expression for the charged lepton mass
matrix:
M lab =
fab
Λ
〈ρ〉〈χ〉, (5)
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with a, b = e, µ, τ . Let us discuss the values of the parameters present in the expression
above. None of them have already been fixed by the model. We just expect that they can
be found in some range of values. For example, 〈χ〉 must be in the range: 300GeV < 〈χ〉 <
4TeV [17,18]. The constraint on 〈ρ〉 comes from the mass of the gauge bosons W± and Z0
i.e., 〈ρ〉2 + 〈η〉2 = (246)2 GeV2. Assuming, as an illustration, the following set of values:
〈η〉 ≃ 22GeV, 〈ρ〉 ≃ 245GeV, 〈χ〉 ≃ 1TeV, and Λ ≃ 5TeV, (6)
the charged lepton mass matrix takes the form:
M lab ≃ 49fab GeV. (7)
If fab is a diagonal matrix, for obtaining the correct charged lepton masses we need fee ∼
×10−5 for the electron mass, fµµ ∼ 2×10−3 for the muon mass, and fττ ∼ 3.6×10−2 for the
tau mass. We recall that in the case of the standard model we have 10−6, 10−3 and 10−2,
respectively.
B. Neutrino mass
In order to generate neutrino masses we will consider only effective operators that con-
serve the total lepton number and also some other global or/and discrete symmetries. The
simplest way to obtain such operator is by adding an scalar singlet φ ∼ (1, 1, 0), coming
from new physics at the TeV scale, carrying the total lepton number, L = Le + Lµ + Lτ ,
with the following assignment L(φ) = −1, and forming with η and ΨaL the dimension-seven
effective operator:
L =
f ′ab
Λ3
ΨcaLΨbLη
∗η∗φφ+H.c.
=
f ′ab
Λ3
{
[νcaL
[
νbLη
0∗η0∗ + lbLη0∗η+1 + (l
c)bLη
0∗η−2
]
+ (laL)c
[
νbLη
+
1 η
0∗ + lbLη+1 η
+
1 + (l
c)bLη
+
1 η
−
2
]
+ laR
[
νbLη
0∗η−2 + lbLη
−
2 η
+
1 + (l
c)bLη
−
2 η
−
2
]}
φφ
+ H.c. (8)
Notice that this operator conserves the total lepton number, since L(η+2 ) = −2 and L(η
−
1 ) =
L(η0) = 0 (we recall that L(χ−) = L(χ−−) = 2 and hence the interactions in Eq. (4) are also
L-conserving). The dimension-five operator ΨcaLΨbLη
∗η∗ which violates the lepton number
explicitly can be forbidden by introducing discrete symmetries as we will show below. For
the moment we will avoid it. If we want this quantum number to be broken spontaneously
we should begin with L-conserving interactions and let a non-zero VEV, in this case 〈φ〉, to
break this symmetry spontaneously. A dangerous Majoron-like Goldstone can be avoided
by breaking softly or explicitly the total lepton number in the scalar potential (see Eq. (11)
below) or by assuring that the Majoron is almost singlet [19]. Hence, after the scalars
involved in Eq. (8) develop their respective VEVs the neutrino masses are given by
Mνab =
f ′ab
Λ3
〈η〉2〈φ〉2. (9)
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Inserting the values of the VEV given in Eq. (6) the expression above reads
Mνab ≃ 3.9 f
′
ab
(
〈φ〉
1GeV
)2
× 10−9GeV. (10)
According to this the VEV involved above, 〈φ〉, has to be around 5 × 10−2 GeV if
f ′ab ≈ O(1), in order to generate the expected order of magnitude of the neutrino masses,
that is, of the 10−2 eV order. That value of the VEV for the scalar singlet could imply a
fine tuning since we expect the singlet scalar boson is very heavy, i.e., mφ ≈ Λ. However,
in order to get such small VEV in a more natural way we can implement a type II see-saw
mechanism with the scalar field φ [20].
In fact, it is possible to implement this mechanism as we will show in the following.
Let us consider, for the sake of simplicity, the discrete symmetry η → −η, φ → −φ (other
fields are even under this symmetry). We also allow terms in the scalar potential that violate
explicitly the total lepton number. In this case the most complete scalar potential presenting
these terms is:
V (η, ρ, χ, φ)= µ2ηη
†η + µ2ρρ
†ρ+ µ2χχ
†χ+ µφφ†φ+ λ1(η†η)2 + λ2(ρ†ρ)2 + λ3(χ†χ)2 + λ4(φ†φ)2
+(η†η)
[
λ5(ρ
†ρ) + λ6(χ
†χ)
]
+ λ7(ρ
†ρ)(χ†χ) + λ8(ρ
†η)(η†ρ) + λ9(χ
†η)(η†χ)
+λ10(ρ
†χ)(χ†ρ) + (φ†φ)
[
λ11(η
†η) + λ12(ρ†ρ) + λ13(χ†χ)
]
+[λ14ǫηρχφ+ λ15χ
†ηρ†η +H.c.], (11)
where the last two terms are those that violate explicitly the lepton number. From this
scalar potential we find the following constraint equation over 〈φ〉 :
〈φ〉[µ2φ + λ11〈η〉
2 + λ12〈ρ〉
2 + λ13〈χ〉
2 + λ4〈φ〉
2] + λ14〈η〉〈ρ〉〈χ〉 = 0. (12)
Supposing that µ2φ < 0 is the dominant parameter in the term within square brackets we
have,
〈φ〉 ≃ −λ14
〈η〉〈ρ〉〈χ〉
µ2φ
. (13)
Using the values in Eq. (6) in Eq. (13), and assuming |µφ| ≈ Λ we obtain 〈φ〉 ≃ 5 × 10
−2
GeV, if λ14 = 0.25. We recall that it was already shown in literature that it is possible to
have a heavy scalar with a respective small VEV [10,19] as in the present case.
From Eq. (10) we find that the neutrino mass matrix is given by the following expression:
Mνab ≃ 10
−2f ′ab eV. (14)
We see from the discussion above that both, charged leptons and neutrinos, gain mass
through effective operators, as can be seen from Eqs.(5) and (10) or (7) and (14). However,
the scale of neutrino masses relatively to the charged lepton masses arise as a consequence
of the dimension of the effective operator and of the VEV of the scalar involved.
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III. REALISTIC SCENARIOS
If we want to obtain a definite texture on the mass matrices in Eqs. (5) and (9) we have
to enlarge the number of scalar multiplets, for instance one triplet of the type ρ and χ and
a singlet φ for each generation. We denote them as ρ1,2,3, χ1,2,3, φ1,2,3. In this case we have
L =
f ijab
Λ
ΨcaLΨbLχ
∗
iρ
∗
j +
f ′ijab
Λ3
ΨcaLΨbLη
∗η∗φiφj +H.c., (15)
and we will impose discrete symmetries in order to obtain appropriate mass matrices. For
instance, consider the symmetry Z9 ⊗ Z2 with fields transforming under the Z9 factor as
Ψe → ω1Ψe, Ψµ → ω3Ψµ, Ψτ → ω2Ψτ , ρ1 → ω3ρ1, χ1 → ω
−1
1 ρ1,
ρ2 → ω
−1
3 ρ2, χ2 → ω0χ2, ρ3 → ω4ρ3, χ3 → ω
−1
4 χ3, η → ω0η,
φ1 → ω
−1
1 φ1, φ2 → ω
−1
3 φ2, φ3 → ω
−1
2 φ3, (16)
with ωk = e
2piik/9, k = 0, · · · , 4 and under the Z2 factor the fields Ψµ, ρ1, χ1, φ2,3 are odd,
while the other ones are even. (This implies appropriate transformation in the quark sector
if the scalar multiplets also couple to quarks.) Notice that the Z9 symmetry forbids the
interactions ǫΨcaLΨbLη and Ψ
c
aLΨbLη
∗η∗.
From the interactions in Eq. (15) and the discrete symmetries in Eq. (16) we obtain
mass matrices which mix the second and the third generation in the charged lepton sector,
and the first and the second generation in the neutrino sector, i.e., they are diagonalized by
following orthogonal transformations
U lL
∼
=


1 0 0
0 c0 s0
0 −s0 co

 , UνL ∼=


c′o s
′
0 0
−s′0 c
′
0 0
0 0 1

 , (17)
for the charged lepton and neutrinos, respectively. The Maki-Nakagawa-Sakata (MNS)
mixing matrix is of the form [21]:
U = U l†L U
ν
L =


c′0 s
′
0 0
−c0s
′
0 c0c
′
0 s0
s0s
′
0 −s0c
′
0 c0

 , (18)
and we have omitted Dirac or Majorana CP violating phases. Notice that Ue3 is zero at
the tree level, and it must arise from radiative corrections. After taking into account these
corrections we expect that U → V :
V ≈


c⊙ s⊙ Ve3
−catms⊙ catmc⊙ −satm
−satms⊙ satmc⊙ catm

 ≃


c⊙ s⊙ Ve3
− 1√
2
s⊙ 1√2c⊙ −
1√
2
− 1√
2
s⊙ 1√2c⊙
1√
2

 . (19)
In this context, the small value of |Ve3|(< 0.16) [22] is natural in the present model
because it arise from radiative corrections involving a term in the scalar potential which
breaks softly those discrete symmetries. For instance, in a generalization of the expression
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in Eq. (11) a term like χ†1χ2 breaks softly the Z9 symmetry. Hence, radiative corrections
should induce a small value for this entry on the MNS matrix and (small) correction to
the angles in Eqs.(17) and (18). In this case (c, s)0 → (c, s)atm, (c
′, s′)0 → (c, s, )⊙, Ue3(=
0)→ Ve3(≤ 0.16). Since in general we expect that radiative correction does not amplify the
mixing angles in Eqs. (17) and (18) then (c, s)0 ≃ (c, s)atm and (c
′, s′)0 ≃ (c, s)⊙. Notice
that if the interactions that contribute to a non-zero value for Ve3 may induce a complex
value for this entry inducing in this way a CP violating phase [23].
Another possible scenario, where there is a bi-maximal mixing among the neutrinos
but not in the MNS matrix, appears as a result of a new symmetry L′ (in the context of
the standard model L′ can be identified with Le − Lµ − Lτ [12,24,25] but here it must be
an independent global symmetry). In this case we need only two sort of ρ and χ scalar
triplets and two singlets. We assign L′(Ψe) = −L′(Ψµ) = −L′(Ψτ ) = 1, L′(ρ1) = L′(χ1) =
−L′(ρ2) = −L′(χ2) = 1 and L′(η) = L′(φ) = 0. With this symmetry we obtain from Eq. (15)
a general mass matrix in the charged lepton sector, and the following neutrino mass matrix
at the tree level:
Mν =


0 f ′12eµ f
′12
eτ
f ′12eµ 0 0
f ′12eτ 0 0

 〈η〉2〈φ1〉〈φ2〉
Λ3
. (20)
with f ′12eµ ∼ f
′12
eτ . In this case the neutrino mass matrix has the inverse hierarchy: (m,−m, 0)
where m ∝ [(f ′12eµ )
2+ (f ′12eτ )
2]1/2. The mass splitting has to be generated by radiative correc-
tions, as we will show below, and we have |m3| ≪ |m1| ≃ |m2|. Assuming that f
′12
eµ = f
′12
eτ
there is a bi-maximal neutrino mixing pattern [24]:
Uν =


1√
2
− 1√
2
0
1
2
1
2
− 1√
2
1
2
1
2
1√
2

 . (21)
Since the bi-maximal mixing is not favored by the actual neutrino solar data, i.e.,
tan θ⊙ < 1 [5], we have to explain the deviation from this bi-maximal scenario. This
is possible to be done since from Eq. (15) and the L′ symmetry the mass matrix in the
charged lepton sector, as we said before, is now a general one. Hence the respective left-
handed mixing matrix U l can be written in terms of three angles (c, s)12, (c, s)23, (c, s)13. In
this case assuming that s12 ≫ s23 ≫ s13 the mixing matrix U
l is a hierarchical one similar
to the mixing matrix in the quark sector and the charged lepton mass matrix is almost
diagonal. Since the MNS matrix is defined as V = U l†Uν the analysis of Ref. [26] follows.
In this almost bi-maximal scenario we should address the mass splitting between ν1 and
ν2. For getting such a mass splitting we have to consider terms in the scalar potential that
break explicitly L, as is the case of the last λ15 term in the scalar potential in Eq. (11).
However, with the symmetry Z9 introduced above this term involving ρi, χi and η is forbid-
den. Hence, it should be necessary that η transforms non-trivially under Z9 (or a higher
discrete symmetry) or, only as an illustration, we can add a fourth pair of triplets ρ4 and
χ4 which transform like η (and for this reason they do not couple directly with leptons)
and with L′(χ4) = L′(ρ4) = 0. Thus we have the term λ15(χ
†
4η)(η
†ρ4). The scalar potential
produces a general mixing among all the scalar of the same charge and we have interactions
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like χ+ρ−〈η〉2, where χ+, ρ− denote symmetry eigenstates. That term, together with the in-
teraction in Eq. (15), will generate corrections, through the one loop diagrams, for example
to the diagonal entries in the mass matrix in Eq. (20), providing the mass splitting between
ν1 and ν2. The loop diagram which will generate, the diagonal entries in Eq. (20) is depicted
in Fig. 1. It gives, up to logarithmic corrections, the following expression for such entries:
Mνaa ≃
λ15f
3
aa〈η〉
2〈ρ〉2〈χ〉2
m2χΛ
3
. (22)
All the parameters above, but mχ and λ15, were already previously fixed in this work.
Assuming now that mχ = 〈χ〉, and inserting Eq. (6) in Eq. (22), we have:
Mνaa ≃ 1.1× 10
−8λ15f 3aaGeV. (23)
The large mixing angle MSW solution to the solar neutrino problem requires a neutrino
mass scale of the order of 2.8 × 10−3 eV [27]. The only free parameter in Eq. (23) is
λ15, while the diagonal f parameters are already fixed by the charged lepton masses and
their values are given in Sec. IIA (although in this case each entry of the matrix fab has
several contributions that we have not written explicitly). We obtain this mass scale for the
neutrinos by considering λ15 ∼ 2.5 × 10
−4. Hence to generate the ν1-ν2 mass splitting we
must to fine tuning λ15.
In the next section we analyze what main ingredients an underlying theory should have to
realize, in an economical way, the effective operators and generate the two mixing scenarios
considered above.
IV. A POSSIBLE UNDERLYING THEORY
The minimal scenario we can imagine is the one where the effective dimension-five oper-
ator in Eq. (4) is realized at the tree level, while the effective dimension-seven operator in
Eq. (8) is realized through the one loop level. For this we only need to add to the minimal
3-3-1 model (three quark generations and three scalar triplets η, ρ and χ) at least two sex-
tets Sp, p = 1, 2 which do not necessarily gain a non-zero VEV, two heavy lepton singlets,
E1,2(L,R) ∼ (1, 1,−1) [15,16] and three scalar singlets φ
r, r = 1, 2, 3 like the φ introduced in
Sec. II B. We will assume that these singlet leptons have the following assignments of the
total lepton number: L(E1) = 1 and L(E2) = 0. We recall that it was shown in Ref. [28]
that a tree level realization of a symmetric bilinear ΨcLΨL is implemented by introducing a
scalar sextet.
With the representation content discussed above we have the leptonic interactions:
L = Gpab (Ψ
c)aiLΨbjLS
p
ij +G1aΨaLE1Rρ+G2aχ
T N1LΨ
c
aL + g
′
r E1LE2Rφ
r + gr E2LE1Rφ
r∗
+M1E1LE1R +M2E2LE2R +H.c., (24)
with M1,M2 ≃ Λ and we have omitted SU(3) indices and summation over the repeated
indices. By imposing an appropriate discrete symmetry we can get that one of the scalar
sextets couples only to the first leptonic generation and the other one to the second and third
generations. Hence, with the interactions above we can realize the effective dimension-five
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operator in Eq. (15) as is shown in the Fig. 2a, where the trilinear vertex arises from a term
like gχTS†ρ where g is a constant with dimension of mass. So, we obtain a mass matrix for
the charged lepton which is diagonalized by an orthogonal matrix, like U lL in Eq. (17) and
from Eq. (4) we see that 1/Λ = g/M2S. For the realization of the effective dimension-seven
operator the last term of the scalar potential in Eq. (11) is also important. Such realization
is depicted in Fig. 2b.
V. CONCLUSIONS
In this work we developed a simple mechanism based on effective operators in the context
of a 3-3-1 model which generates masses for the neutrinos and for the charged leptons as well.
By using the same bilinear the charged lepton masses are generated in this mechanism by an
effective dimension-five operator, while the neutrino masses require an effective dimension-
seven operator in conjunction with a type II see-saw mechanism applied on a scalar singlet.
Then, we use the effective operator mechanism to generate several mixing matrices in the
lepton sector which are consistent with the solar, atmospheric and reactor neutrino data.
For this we have considered the discrete symmetry Z9 ⊗ Z2 or a global one, L
′, in the
effective operators given in Eq. (15). In this case, without resort to large fine tuning we
obtain neutrino masses compatible with some solutions to the solar and atmospheric neutrino
anomalies. We would like to stress that in this 3-3-1 model the bilinear ΨcΨ gives mass to
both lepton sectors. This issue is a characteristic of the 3-3-1 models: in the standard model
the bilinear LcL can only contribute to the neutrino masses.
Although we have not considered the quark masses we would like to call the attention
to an interesting mechanism, in the context of a 3-3-1 model, for generating the top and
bottom masses at the tree level, while the masses of the other quarks and charged leptons
arise at the 1-loop level, which was proposed in Ref. [29].
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FIGURES
ρ+ χ+
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Λ
νL νcLlR lL
×
FIG. 1. One loop contribution to the diagonal entries for the neutrino mass matrix in the
almost bi-maximal scenario.
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FIG. 2. Tree level and 1-loop diagrams contributing to the effective operators defined in Eqs. (4)
and (8), respectively.
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